MSC:
Then there does not exist an equivariant mapping X → Y .
Here π * is the mapping in equivariant cohomology induced by the canonical G-map X → pt. In the context of finite groups H * G (pt, k) ∼ = H * (BG, k) ∼ = H * (G, k). Theorem 1 is a generalization of [5, Remark, p. 68] and [4, Theorem 6.4] .
The proof of Theorem 1 is a spectral sequence argument given in the last section of the paper. The role of this theorem in the solution to the main problem is through what has become known as the configuration space/test map paradigm (CS/TM scheme). The problem is reformulated to involve (1) a configuration space X \ Y of possible nontrivial triples of points on the Jordan curve; (2) a target space W 3 × W 3 and a mapping, the test map, τ : X \ Y → W 3 × W 3 whose image measures whether an equilateral triangle lies on the curve; (3) an action of Z/3 on X \ Y and W 3 × W 3 making τ into an equivariant mapping. With this formulation and with appropriate generalization of the equivariant Goresky-MacPherson formula (1), proved for rational coefficients in [8, Theorem 2.5, p. 1397], Theorem 1 can be applied after a bit of tweaking.
Another benefit of the use of the CS/TM scheme is that the topological input determines the crucial parameters of the application. In particular, the role played by R 2 can be taken by any R n and more generally, contractible metric spaces of real dimension greater than or equal to two.
An equivariant solution of the problem
Configuration space. Let γ : S 1 → R 2 be a continuous injective mapping. Consider the join of circles
Following [2] , the join of spaces A and B may be considered as the subspace of C A × C B, the product of the cones on A and B, given by the inverse image of 1 via the mapping
Let Y be a solid torus inside X = S 1 * S 1 * S 1 given by
We make X into a Z/3-space with the action given by
where Z/3 = ω . This is the action induced by the cyclic permutation on C S
The subspace Y contains the maximal Z/3-invariant subspace of X and X \ Y is a free Z/3-space.
A test map. The group Z/3 acts on R 3 by the cyclic permutation of coordinates, that is, 
Lemma 3. The subspace Z ⊂ X has following properties:
Proof.
(1) Cover Z with the following three subspaces:
Observe that ω · Z 1 = Z 2 and ω
and 
The Projection Lemma [9, Lemma 4.5] implies that
The Wedge Lemma [9, Proposition 3.5] provides the statement (1),
where Δ(Q ) denotes the order complex of a poset Q . Statements (2) and (3) 
Next, consider the triangle inside W 3 defined by the convex hull
Then the boundary of a triangle ∂ T does not contain the origin (0, 0, 0). We can now study further properties of the test map τ .
Proposition 4.
The spaces X , Y , and W 3 are Z/3-spaces, the mapping τ :
Furthermore, the subspaces Z ⊂ X and T ⊂ W 3 are Z/3-invariant subspaces, and
Proof. Most of the proposition follows from the identification of S Hence, at least one of the t i is zero, say
at least one of the t i is zero and
To establish the existence of an equilateral triangle on the Jordan curve γ , we reformulate the mapping τ . Notice that an equilateral triangle on γ gives some point in X with
However, we can also get such a point in a degenerate fashion. For example, if some t i = 0, or if x 1 = x 2 = x 3 . By removing Y from X , we avoid the case x 1 = x 2 = x 3 . By avoiding the subset Z , we prevent the case t 1 t 2 t 3 = 0. Restrict τ to the subspace of X given by X \ (Y ∪ Z ).
In the subspace 
where w = (
is a Z/3-equivariant map where Z/3 acts on
Assume that no equilateral triangles exist on γ . Then the mappingτ has its image disjoint from the subset
Since Z/3 acts freely on S(W 3 ), it acts freely on W 3 * S(W 3 ) \ Q .
Proposition 5. If there is no Z/3-equivariant mapping
then there exists an equilateral triangle on the Jordan curve γ .
Proof. Since we would have an example withτ if no equilateral triangle exists on the curve, the proposition follows. 2
Recall the following facts from the cohomology theory of groups [3] . 
Note that A, B and C are unique irreducible Z/3-representations of dimension 3, 1 and 2 over the field F 3 .
Theorem 7.
There is no Z/3-equivariant map
Proof. Denote
We recall the following facts:
(A) Z/3 acts freely on U and V ;
We first establish that V , the codomain ofτ is homotopy equivalent to S 1 and as a free Z/3-space. Since W 3 is contractible, the complement of Q in W 3 * S(W 3 ) may be represented as
There is a sending t to 1/2, and contracting all of W 3 to a point, leaving only S(W 3 ) ∼ = S 1 . This homotopy can be arranged to be radial and so Z/3-invariant. The target of the homotopy is the free Z/3-space S(W 3 ). Thus
For the space U , Alexander duality implies:
The cohomology of Y ∪ Z is determined by the Mayer-Vietoris sequence
{0}
and the fact that map φ is surjection. More precisely, the map φ : F 3 [Z/3] → F 3 is given by the norm:
This can be seen from the geometric interpretation of the inclusion Y ∩ Z →Z . Thereforẽ (2), we determine the cohomology of U and V as vector spaces:
The structure of the Z/3-modules or Z/3-representations over the field F 3 on cohomologyH * (U ,
given by the isomorphisms (3). Indeed, all the Z/3-representations appearing in Eqs. (2) are irreducible Z/3-representations. 
Fig. 2. E
Therefore, the dual for H * (U , F 3 ), by the Universal Coefficient Theorem, must be also the irreducible Z/3-representation of the same dimension. Thus the isomorphisms (3) are isomorphisms of Z/3-modules (or Z/3-representations).
Assume that there exists a Z/3-equivariant map f : U → V . The map f induces a map [6] between
, which between the 0-rows
is the identity, that is,
Both spectral sequences can be presented explicitly. Recall that the differential d r in both spectral sequences is an
, where deg(x) = 2 and deg(e) = 1.
The E 2 term is computed using Lemma 6:
and it can be pictured accordingly (Fig. 1) . Moreover, in this situation Z/3 acts trivially on the cohomology of V , so
The fact that Z/3 acts freely on V implies that V Z/3 V /Z/3 and consequently:
Therefore
and the E 3 = E ∞ term of the spectral sequence is given in Fig. 2 . E * (U Z Z Z/3 ). The E 2 -term is computed using Lemma 6,
Here Z/3-module C is as in Lemma 6. The E 2 -term is displayed in Fig. 3 .
The only possibly nonzero differential on E 2 is d
is a generator, then let d
which vanishes in the E 3 term. But the same element in
This leads to the contradiction
Finally, the existence of an equilateral triangle on Jordan curve γ follows from Proposition 5 and Theorem 7.
Proof of Theorem 1
Let X and Y be G-spaces as stated in Theorem 1.
duced homomorphism is the identity, that is,
Therefore, with the assumption (2) of the theorem, it is enough to prove that, for all i,
First, we consider the spectral sequence E * , * * (Y G ) with coefficients in the field k. The E 2 term can be partially computed:
Since (G, k) . The assumption (3) of the theorem implies that d i+1 (l) = 0 and the condition (6) for all i r is satisfied. Continuing to the next "smallest" r, we apply the same argument to exhaust all choices. This shows that the condition (6) holds for all i with 1 i < k and the theorem is proved.
